A three-dimensional Euler solver is used to study the vortex core over slender conical bodies at high angles of attack and low speeds. A three-dimensional conical overset-grid is established to reduce the computational efforts while accurately resolve the vortex flow. The numerical results on the vortex core are verified by available experimental data and theoretical solutions. The line vortex model used in the theoretical stability analyses made by the present authors for the vortex flow is modified to account for the effects of the vortex cores. The jetlike flow in the vortex core and inflow at its outer edge are modeled based on numerical experiments by the Euler methods on slender conical bodies incorporated with known theoretical and experimental results on vortex cores. Using the Euler solutions as a benchmark, the modified model yields a better predictions in the vortex positions than the original, and a favorable shifts of the transition point of stability in the Sychev similarity parameter.
I. Introduction
The high angle of attack aerodynamics is of interest because it is both a result of the intrinsic fascination of a flow in which a symmetric body under symmetric flight conditions can produce an asymmetric flow pattern and hence experience a side force and a practical response to the needs of aircraft and missile designs to improve maneuverability by extending flight envelops to higher angles of attack.
A great deal of experimental, theoretical, and computational effort has been spent regarding the understanding, prediction, and control of the vortex asymmetry. The subject has been reviewed by Hunt, 1 Ericsson and Reding, 2 and Champigny. It is found by numerous experimental observations [4] [5] [6] and numerical studies 7-10 that a microasymmetric perturbation close to the nose tip produces a strong flow asymmetry at high angles of attack. There seems little doubt that the vortex asymmetry is triggered, formed, and developed in the apex region, and the after portion of forebody and the after cylindrical body (if any) have little effect on the asymmetry over the apex region. The evolution of perturbations at the apex plays an important role in determining the flow pattern over the entire body.
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about conical bodies has been studied analytically. Using a separation vortex flow model of Bryson,
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Dyer, Fiddes and Smith 12 found that in addition to stationary symmetric vortex flow solutions there exist stationary asymmetric vortex flow solutions over circular cones when the angle of attack is larger than about twice of the semi-vertex angle even though the separation lines are postulated at symmetric positions. The stability of these stationary vortices over circular cones were later investigated analytically by Pidd and Smith. 13 The disturbances which they treated in the stability analysis were spatial rather than temporal.
Using the simplified separation-vortex flow model of Legendre, 14 Huang and Chow 15 succeeded in showing analytically that the vortex pair over a slender flatplate delta wing at zero sideslip can be stationary and is stable under small temporal, conical perturbations. Using the same flow model, Cai, Liu and Luo 16 developed a stability theory for stationary conical vortex pairs over general slender conical bodies under the assumption of conical flow and classical slender-body theory. The disturbances which they treated in the stability analysis were temporal or transient rather than spatial. Small displacements are introduced to the stationary vortex positions and then removed. The displaced vortices are still ray lines of the conical flowfield. The disturbances are of a global nature rather than a localized nature. Cai, Luo, and Liu [17] [18] [19] extended the method described in Ref. 16 to study the stability of stationary asymmetric vortex pair over slender conical bodies and wing-body combinations with and without sideslip.
In the above analyses, the separation vortices are modeled by lines of zero diameter with concentrated vortex strength. However, the real scenario is that the shear layer separated from the wing or body curves upward and inboard and eventually rolls up forming a core of finite diameter in which flow velocity and vorticity are high and pressure is low. Over a slender conical forebody, the vortex core is roughly conical and has a diameter as large as one-third of the semi-span of a delta wing, in which the flowfield is approximately axially symmetric. In fact, the topics of the vortex core has been studied extensively. For example, Carcaillet, Manie, Pagan, and Solognac 20 and Verhaagen and Kruisbrink 21 by experimental methods, Murman and Rizzi, 22 Rizzi, 23 Powell, Murman, Perez and Baron, 24 Rizzetta and Shang 25 and Liu, Cai and Luo 26 by numerical methods, and Hall 27 and van Noordenburg and Hoeijmakers 28 by theoretical methods. The aim of this paper is to modify the theoretical method in Ref. 16 to account for the effects of the vortex core. The features of vortex core are studied by a brief review of a known theoretical solution for vortex core and a detail investigation of an Euler numerical solution of the vortex flow over a slender flat-plate delta wing in comparison with known experimental data and theoretical solutions. Based on these studies, the modifications to the original vortex line model are proposed. The modified theoretical method is then applied to recalculate the stationary vortex positions and the vortex flow stability for typical slender conical bodies. The modified theoretical results with the original theoretical predictions are verified by the Euler computations. Lastly a summary and conclusions are drawn. In this investigation no vortex breakdown is considered.
II. Features of Vortex Core
Examination of measurements of the flow inside the leading-edge vortex of slender wings reveals that the leading-edge vortex core can be described by the distinguishing of the outer inviscid vortex core and an inner viscous subcore. A known theoretical solution for the outer part of the vortex core is briefly reviewed and then the detail features of a vortex core over a slender flat-plate delta wing is studied by the Euler methods. The computed results are then compared with the theoretical predictions and known experimental data.
A. A theoretical Outer Solution
Based on the experimental observations, in the past decades a large number of theoretical studies have been done on the vortex core. Almost all of them consider an isolated vortex core, that is, in isolation from the natural surroundings, by representing the external influence onto the vortex core through boundary conditions. A cylindrical coordinates system (a, r, θ) is defined for the flowfield of the vortex core. The origin is located at the apex of the wing (and also the core). The axis a coincides with the vortex-core axis, r is in the radial direction and θ is in the circumferential direction. (u a , u r , u θ ) are the three velocity components in the coordinates (a, r, θ). The velocity components at the outside edge of the vortex core are denoted by (U a , U r , U θ ).
Given the flow conditions at the outside edge of the vortex core, Hall 27 found a solution of the conical, axisymmetric, incompressible Euler equations for the outer part of the vortex core.
where σ = r/R, R is the radius of the vortex core; ψ = (1+2φ 2 ) 1 2 −1; φ = U θ /U a is the flow swirl number at the outside edge of the vortex core.
Form Eq.1, it is seen that inside the vortex core, that is, r < R, u a > U a , u r < 0, and u θ = 0. The flow of the vortex core is jetlike and swirling with an inflow.
B. Numerical Solution
It is known that the Euler solver can capture automatically the shear layer separated from the swept sharp leading edge and its spirally rolling up into a vortex core over the body leeward side. Although the secondary features are absent in the Euler solutions, the gross dominant characteristics of the flowfield, i.e. the primary vortex configurations and their interaction with the body surface are reproduced.
The present Euler solver is based on a multi-block, multigrid, finite-volume method and parallel code for the three-dimensional, compressible steady and unsteady Euler and Navier-Stokes equations. The method uses central differencing with a blend of second-and fourth-order artificial dissipation and explicit Runge-Kutta-type time marching. The coefficients of the artificial dissipation depend on the local pressure gradient. The order of magnitude of the added artificial dissipation terms is of the order of the truncation error of the basic scheme, so that the added terms have little effect on the solution in smooth parts of the flow. Near the steep gradients the artificial dissipation is activated to mimic the physical dissipation effects. The resulting code preserves symmetry. Unsteady time-accurate computations are achieved by using a second-order accurate implicit scheme with dual-time stepping. The solver has been validated for a number of steady and unsteady cases. [29] [30] [31] [32] A newly developed overset-grid techniques 33 is implemented to facilitate the grid refinement in the domain of high vorticity. Figure 1 shows the coordinates system for a conical body consisting of a circular cone body and a flat-plate delta wing. The rectilinear coordinates (x, y, z) is a body axes system with the origin located at the wingbody apex point O, where the axis z coincides with the wing-body axis, y is in the wing spanwise direction, and x is pointed to the leeward side and the axes x, y, z form a right-hand system. The delta-wing has a semiapex angle ǫ and the semi-spans of the wing and the body are s and b respectively. The angle of attack is α and the angle of side-slip is β. The freestream Mach number, M ∞ is set at 0.1 to approximate an incompressible flow for all computations reported in the present paper.
The present computational model is a flat-plate delta wing of sweep angle 76
• , or ǫ = 14
• , α = 20.4
• , and β = 0. For the symmetric flow considered, only a half flow field is to be computed. The wing is a conical body. It is known that a subsonic flow over a conical body cannot be strictly conical. However, if the conical body is slender, the flow is nearly conical. This was observed in water tunnel for a triangular thin wing of ǫ = 15
• at α = 20
• and the Reynolds number is 20,000 based on chord by Werlé in 1961 as shown in the Reference, 34 and also proved by Navier-Stokes computations of, e.g. Thomas, Kirst and Anderson.
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In principle, a conical flow can be solved in a twodimensional plane with the appropriate modified equations. However, the present studies maintain the use of a three-dimensional code on a three-dimensional grid to allow calculation of not perfectly conical flows. A three-dimesional conical grid for a flat-plate delta wing of ǫ = 8
• is shown in Fig. 2 , part (a) gives the grid on the incidence plane, and part (b) shows the grid on the exit plane. The upstream boundary is a cone surface which shares the same apex with the conical body. This cone surface is 25s distance away from the body axis at each cross-section normal to the body axis. Zero normal velocity boundary condition is applied on the body surface. Kutta condition at the sharp leading edges of the wing is satisfied automatically in an Euler code. On the symmetric plan, symmetric boundary condition is applied. Characteristic-based conditions are used on the upstream boundary of the grid. On the downstream boundary, all flow variables are extrapolated. Grids are bunched into one point at the body apex. No numerical difficulties are encountered at the vertex point since a finite-volume method is used. Only a few grid lines are needed in the longitudinal direction for conical flow calculations, and 5 longitudinal grid lines are chosen for the following computations. However, very fine grids in the radial and circumferential directions in the cross planes must to be used to resolve the vortical flowfield for the purpose of stability studies. For the computation model wing of ǫ = 14
• , an overset conical grid is designed to match the local flow gradients and to facilitate the parallel processing of the computations. A close-up view of the grid on the exit plane is shown in Fig. 3 .
It is known that there is a rather large influence of mesh density and lay-out on the Euler solutions for high-angle-of-attack flows. Comparing a given solution with another obtained with the same numerical method but on a denser mesh is one of the most certain ways to judge how near the given solution is to the ultimate accuracy indicated by the converged sequence of solutions using successively refined meshes. Two grids of different densities for a half flowfield shown in Table 1 are used in this numerical experiments, where the three grid numbers are given in the longitudinal, radial and circumferential directions. The computational results with the coarse grid turn out to be somewhat different from those with the fine grid in the subcore inside the vortex core as shown in Fig.11 and Fig.12 below. The fine grid is taken under consideration of our available computing resources, and thus is implemented in the following computations.
The total of these two layers of grids constitutes an overall conical grid of extremely fine density that is needed to resolve the high vorticity regions and simulate the vortex interactions. The total number of the fine and coarse grid points for the half space of the symmetric flow is 5 × 165, 026 and 5 × 99, 234 respectively.
With an uniform free stream flow as the initial solution and on the two-layer fine grid, the computations are run in double precision until the maximum residual is reduced by more than 10 orders of magnitude as shown by the convergence history in Fig. 4 . The computing time for the 50, 000 iterations in double (64bit) precision is about 12 hours on a 16-processor parallel cluster computer consisting of AMD Athlon XP1600+ CPUs. Such a stringent convergence criterion is needed especially for stability studies of high angle-of-attack flows as is pointed out by Siclari and Marconi.
36 Figure 5 gives the computed pressure contours on a cross-flow plane. The center of the core is clearly seen located at x c /s = 0.314, y c /s = 0.733.
The local and detail grid configuration used to resolve the vortex core region is shown in Figure 6 . There are about 100 × 100 grid points in the radial and circumferential directions respectively. It will be seen at the end of this section if this grid is fine enough to resolve the vortex core. tially circular contours. Thus the outer edge of the vortex core is nearly a circular cone. This is the primary vortex core formed from the spirally rolling-up of the shear layer separated from the leading edge of the wing. It plays an important role in the flow-body interactions.
To further exploration of the vortex-core structure and compare with known experiment and theoretical results, the distributions of various flow parameters along lines passing through the center of the vortex core are studied. Figure 9 shows the distributions of the total pressure loss coefficient C pt and the static pressure coefficient, C p versus (x − x c )/s along the line y = y c , where 
ǫ = 15
• , and the Reynolds number based on the root chord, c 0 is 0.7×10
6 . The data of the measurement at the cross-flow plane 58%c 0 given in Figure  11 of Ref.20 is used here. It is seen that the measured distributions are in agreement with the corresponding computed distributions in Fig.9 . Fig.10 gives the distributions of the longitudinal vorticity component ω z s/U ∞ versus r/a along the x traverse, y = y c and the y traverse, x = x c where (a, r, θ) is the cylindrical coordinates around the vortex axis a. It is seen that the distribution curves along the two perpendicular traverse lines nearly coincide, and they are almost symmetric with respect to the ordinate r/a = 0. Therefore the flow in the vortex core is nearly axisymmetric besides conical. Inside the vortex core, Fig. 11 Computed distributions of the axial velocity component versus radial distance from the vortex-core axis along y = yc over a flat-plate delta wing, ǫ = 14
• , with fine and coarse grids compared with theoretical solutions 27 and experimental data. the vorticity increases sharply toward the core center and reaches a maximum value at the center. From Fig.  10 the outside edge of the highly rotational region is located at R = 0.06a or 0.2s where R is the radius of the rotational or vortex core. Inside the rotational region viscous diffusion has smoothed out completely the gradients of the velocity distribution, and a shear layer can no longer be detected. Inside the vortex or rotational core, the static and total pressure decrease toward the vortex center and reach minimum values at the vortex center as shown in Fig. 9 . Fig.11 and Fig.12 give the numerical results of the distributions of the velocity components, u a /U ∞ and u θ /U ∞ versus r/a along y = y c . Here the velocity is
0.04 0.08 0.03 Table 2 Comparison of computed vortex-core parameters with experimental data.
decomposed into components along the directions of cylindrical coordinates, (a, r, θ) where the axis a coincides with the vortex-core axis. The axial velocity component, u a increases toward the vortex axis, and reaches a maximum value at the vortex axis, while the circumferential velocity component, u θ first increases toward the vortex axis, and after reaching a maximum value near the vortex axis, decreases abruptly to zero at the vortex axis. The location of the maximum u θ defines the edge of a subcore, and inside this subcore large gradients of velocity and pressure prevail and numerical viscous forces dominate. This subcore is a viscous subcore in which an artificial total pressure loss results in. From Figures 11, 12 and 9 the radius of the subcore, R s = 0.01a or 0.04s. Verhaagen and Kruisbrink 21 measured the flow properties of the conical part of a leading-edge vortex using a five-hole pressure probe in a low-speed and turbulence level of about 0.05% wind tunnel. The model is a sharp leading-edge flat-plate delta wing of ǫ = 14
• at α = 20.4
• . The Reynolds number is 3.8×10 6 , based on the model root chord length, c 0 . The measurement cross-flow plane was at 50%c 0 . The measured distributions 21 of the axial velocity component and circumferential velocity component along traverses passing through the primary vortex core center are also shown in Fig.11 and Fig.12 . They agree well with the corresponding computed distributions.
From the numerical and experimental results given in Figures 11 and 12 , the swirl number at the outside edge of the vortex core r/a = 0.06, U a /U ∞ = 1. The Figures 11 and Fig.12 also show the numerical results using the fine and coarse grids given above. The two results are different in the viscous subcore of the vortex core. Hence the coarse grid is not fine enough to resolve the subcore, and the fine grid is implemented as stated before.
The computed characteristic flow parameters are tabulated and compared with the known test data in Table 2 .
As shown in Table 2 
losses in the viscous subcore are quite realistic, in consideration of that the total-pressure loss at the center of the core, just like in the rest of the core, is a purely spurious numerical artifact. Thus, this agreement between the calculations and experiments may be fortuitous. However, similar observations were found in other free-vortex flow simulations over sharp edge delta wings using Euler methods, e.g. Murman and Rizzi, 22 Rizzi, 23 and Powell, Murman, Perez, and Baron.
24 They performed systematic studies in which various computational parameters were changed. In particular, grid spacing and artificial damping coefficients were changed by an order of magnitude. They found that the magnitude of the total pressure loss was insensitive to all the computational parameters although the vortical region was more diffuse on coarser grid and/or with high damping constants. Rizzi 23 claimed that the invariantness of total pressure loss with the grid size appears to result from a singularity in the solution. Moreover, Rizzetta and Shang
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reported that total pressure contours from the Euler solution were virtually identical to those of the NavierStokes calculations, except for the zone of secondary flow not reproduced in the inviscid result. Just as the separation at sharp leading edge is insensitive to viscosity, the total pressure loss in subcore is insensitive to viscosity. Both the sharp edge of the wing and the center of the vortex core are singular points of the Euler differential equations. It is the numerical dissipation smoothing out the singularities. The generation of vorticity about sharp edge and the total pressure loss at the center of vortex core are both insensitive to the actual magnitude of the numerical dissipation, as long as there is some.
It is noted that the computed maximum axial vorticity is lower than the experimental deta. In fact, the experimental results of the maximum axial vorticity from different investigators vary quite substantially as pointed out by Nelson and Visser. 37 From an examination of the grid resolution of each investigation, they found that the highest derived vorticity values correspond to the finest grid resolution and vice versa. The lower value of the computed maximum axial vorticity may be also due to the insufficient grid resolution. The computed total pressure loss agrees well with the result of Carcaillet et al., 20 but much lower than that of Verhaagen et al. 21 The discrepancy may be also due to insufficient grid resolution.
According to Fig. 6 , there are approximately 100 × 100 grid points lying in the cross section of the vortex core, and about 20 × 20 grid points in the subcore. It seems that the grid is still not fine enough to resolve the flow in the subcore.
The computed radial velocity component is one order of magnitude less than the other two velocity components, and thus is not shown. In the vortex core, the radial velocity component is pointed to the core axis. It first increases toward the vortex axis, and then decreases abruptly to zero at the core axis.
III. Stability Analysis of Vortex Pair
The reader is referred to Ref. 16 for details of the theoretical background. Only the derivation of the vortex velocity are reviewed and modified in this section.
A. The Original Vortex Velocity Expression
Consider the flow past a slender conical wing-body combination at an angle of attack α and sideslip angle β as shown in Fig. 1 with the rectilinear body coordinates (x, y, z). The velocity of the free stream flow is U ∞ . The combination has a slender triangular flatplate wing passing through the longitudinal axis of the body. The flow separates from the wing sharp leading edge and the flow is assumed to be steady, inviscid, incompressible, conical, and slender.
The inviscid incompressible flow considered in the above model is irrotational except at the lines of the isolated vortices. The governing equation for the velocity potential is the three-dimensional Laplace equation with zero normal flow velocity on smooth body surfaces, and Kutta conditions at sharp edges as boundary conditions. By the principle of superposition, the flow around the body can be obtained by solving the following two flow problems.
Flow problem 1: The flow due to the normal components of the freestream velocity, U x = U ∞ cosβsinα and U y = U ∞ sinβ.
Flow problem 2: The flow due to the axial component of the freestream velocity, U z = U ∞ cosβcosα.
Both problems subject to the boundary conditions. Under the assumption of conical and slender flow, the three-dimensional flow problem is reduced to a two-dimensional flow problem. The flow in each cross section at z may then be regarded as a two-dimensional flow across the local cross sectional profile governed by the two-dimensional Laplace equation with the boundary conditions. Solution to this two-dimensional velocity field is obtained by conformal mapping or other analytical or numerical methods for the first flow problem, and by the condition of conical flow in which the flow is invariant along rays emanating from the apex for the second problem. Let ζ = f (z) is the conformal mapping for this profile in the plane Z = x + iy to a circle of radius r 0 in a uniform flow of velocity (U x /2, U y /2) in the plane ζ = ξ + iη.
The complex velocity at the vortex point Z 1 (or ζ 1 ) is obtained by a limiting process (see Rossow 38 ).
where the subscript 1 denotes the values at Z = Z 1 (or ζ = ζ 1 ). U n = U x (1 + iK S ); K S = tan β/ sin α is the sideslip similarity parameter; K = tan α/ tan ǫ is the Sychev similarity parameter (Sychev 39 ); ζ 1 and ζ 2 , and Γ 1 and Γ 2 are the positions and strengths of the vortex 1 and vortex 2, respectively; Q j is the strength of the point sources at Z j and Q j (j = 1, 2, ...N ) are to be determined by N simultaneous equations of the boundary condition on the body contour in the flow problem 2. A similar expression is obtained for the complex velocity, u 2 − iv 2 at the vortex point Z 2 (or ζ 2 ).
The stationary positions, Z 1 (or ζ 1 ) and Z 2 (or ζ 2 ), and strengths of the vortices, Γ 1 and Γ 2 , are determined by solving a set of algebraic equations. These are u 1 − iv 1 = 0 and u 2 − iv 2 = 0 for the vortex velocity fields, and two more equations that set the flow velocities to be finite values at the sharp edges of the flat plate (Kutta condition). The four algebraic equations are linear in Γ 1 and Γ 2 , and non-linear in Z 1 (or ζ 1 ) and Z 2 (or ζ 2 ). They are solved by an iteration method. A Newton iteration for the vortex locations is constructed for F(X) = 0, where
T , ζ 1 = ξ 1 +iη 1 , and ζ 2 = ξ 2 + iη 2 . Given the vortex positions ζ 1 and ζ 2 , the vortex strengths Γ 1 and Γ 2 can be obtained by using the separation conditions.
Once the stationary positions, Z 10 and Z 20 , of the two vortices are determined, the stability of the vortices is readily obtained by the Table 1 given in Reference 16.
B. The Modified Vortex Velocity Expression
In consideration of the jetlike inflow of the vortex core, the theoretical model of Reference 16 is modified by adding a line sink of strength, Q c to each line vortex of Fig.1 , and in the meantime augmenting the freestream velocity component U z used in the flow problem 2 by a factor (1 + K c ) where K c > 0. Evidently, Q c and K c are related to the strength of the vortex considered, Γ.
The strength of the sink Q c and the strength of the vortex Γ for a vortex core are related to the velocity components at the outside edge of the vortex core.
U r and U θ are related by the the theoretical solutions of Hall, 27 Eq.1 at r = R. Write Q c = −q c Γ. ,
Using the numerical results of the last Section, R/a = 0.06 and φ = 96/130 yields q c ≈ 0.02. The relation between K c and Γ is obtained by numerical experiments with the Euler methods.
According to the Euler computations of the vortex cores over slender conical bodies of various geometries and at high angles of attack give κ = 0.3.
Thus, the complex velocity at the vortex point Z 1 (or ζ 1 ), Equation (2) is modified.
where the subscript 1 denotes the values at Z = Z 1 (or ζ = ζ 1 ), and the last term on the right-hand side is determined by replacing U z with (1 + K c1 )U z as done for its next preceeding term. A similar expression is obtained for the complex velocity, u 2 −iv 2 at the vortex point Z 2 (or ζ 2 ).
IV. Analysis of Typical Model Configurations
To assess the merit of the modified theoretical methods, both original and modified theories are applied to vortex flows over various typical slender conical bodies at high angles of attack. Their predictions on the stationary symmetric and asymmetric vortex pair positions and stability are compared with the computaional results by the Euler methods.
A. Flat-Plate Delta Wing with and without Sideslip
Stationary vortex configurations and their stability over flat-plate delta wing were studied by the original theoretical methods. Reference 16 discussed the case without sideslip (K S = 0) in detail. Stationary symmetric vortex pairs are found over flat-plate delta wings for a range of angles of attack, or in terms of the similarity parameter K. Reference 18 further showed that there are no asymmetric stationary vortices at zero sideslip. Figure 13 plots the maximum real part of the eigenvalues λ 1 and λ 2 of the vortex motion for the stationary symmetric vortex pairs versus the similarity parameter K. The eigenvalues remain negative for the whole range of K considered. The original theory predicts that the stationary symmetric vortex pair over the flat-plate delta wing is stable for all angles of attack.
With sideslip, the stationary vortex pair becomes asymmetric.
17, 18 Figure 14 gives the maximum real part of the eigenvalues λ 1 and λ 2 of the vortex motion under small symmetric and anti-symmetric disturbances against K for the sideslip similarity parameter K S = 0.5. The maximum real part of the eigenvalues is negative for all the cases considered.
The corresponding results by the modified theory are given in Figures 15 and 16 . It is seen that the maximum real part of the eigenvalues remains negative after the modifications.
To verify the above theoretical predictions, the timeaccurate three-dimensional Euler code described above is used. Two particular cases of the flat-plate delta wing of ǫ = 8
• at an angle of attack of 28
• , or K = 3.783 and β = 0
• and β = 13
• , or K S =0 and 0.4918 respectively were computed in Ref. 40 . The computations showed that there exist symmetric and asymmetric stationary vortex pairs for β = 0 and 13
• respectively and both vortices are stable under small perturbations. Therefore, the original and modified theoretical predictions for stability features are confirmed. Fig.17 and Fig.18 give the stationary vortex positions versus K for the flat-plate delta wing for K S = 0 and K S = 0.4918 respectively. They are obtained by the modified theory and shown by the circle symbols. The pressure contours in a cross-flow plane computed by the Euler code are shown in these figures for the two particular cases. It is seen that the centers of the pressure contours computed at K = 3.783 nearly coincide with the circle symbols of K = 4.0 given by the modified theory if the vortex stays close to the wing surface.
The stationary vortex pair positions predicted by the two thoeries are compared with the Euler solutions in Table 3 and 4. It is seen that the modified predictions on the vortex positions agree better with the Euler solutions than the original predictions. The agreement between the theoretical and computational results turns into worse when the vortex locates further away from the body. The agreement worsening may be attributed to that the slender flow assumption of the theories is not strictly valid.
B. Flat-Plate Delta Wing and Circular Cone Combination
The vortex flows over a number of wing-body combinations were studied in Ref. 19 by the original analytical method. A typical wing-body combination is considered in this paper. The flow over a combi- Table 3 Theoretical vortex center positions over a flat-plate delta wing, ǫ = 8 nation of a flat-plate delta wing and a circular-cone body with a body-width-to-wing-span ratio γ = 0.7 is examined under the condition of no sideslip. The locations of the stationary symmetric and asymmetric vortex pairs are shown in Fig.19 by the original theory. 19 No stationary asymmetric vortex pair is found at low angles of attack when the Sychev similarity parameter K ≤ 2.0. At higher K, both symmetric and asymmetric stationary vortex pairs exist. As K is increased, both stationary symmetric and asymmetric vortex pairs move upward and outboard. The movement of the lower vortex of the asymmetric vortex pair is much smaller and that of the upper vortex is much greater compared to the movements of the symmetric vortices. Figures 20 and 21 show the maximum real part of the eigenvalues for the stability of the stationary symmetric and asymmetric vortex pairs respectively under small symmetric and anti-symmetric perturbations by the original theory. The stationary symmetric vortex pair is stable when K ≤ 2.58 and unstable otherwise. The asymmetric vortex pair is only stable when K ≥ 2.62 The upper vortex is the least stable and becomes unstable for K < 2.62. Therefore, we presume that a stable symmetric vortex pair at low angles of attack transits into a stable asymmetric pair as the angle of attack is increased beyond somewhere K = 2.58 − 2.62. The corresponding analytical results by the modified theory are given in Figures 22, 23 , and 24. From  Fig.22 , no stationary asymmetric vortex pair is found in the modified analyses when K < 3.8. At higher K, both symmetric and asymmetric stationary vortex pairs exist. pair is stable when K ≤ 3.55 and unstable otherwise. Fig.24 gives that the stationary asymmetric vortex pair is stable when K ≥ 4.15 and unstable otherwise. There exists no stationary stable conical vortex pair when 3.55 < K < 4.15. The general features of stability predicted by the modified theory remain the same as those by the original. However, the critical values of K for the stability transition are somewhat different between the original and modified predictions. The modified theory yields a larger critical K values than the original. The Euler computations were performed for a circular cone and flat-plate delta wing combination of ǫ = 8
• and γ = 0.7 in Ref. 40 . The computed results for the two angles of attack, α = 18
• , and 30
• , or K = 2.312 and 4.108 respectively are cited here. At α = 18
• , there exists a stationary and stable symmet- ric vortex pair. At α = 30
• both stationary symmetric and asymmetric vortex pairs exist, but the symmetric pair is unstable while in the asymmetric pair the vortex located closer to the body is stable and the vortex located further away from the body is periodically circling its stationay position with a small radius.
The theoretical stability predictions by both the original and modified methods are assessed by the Euler computations. For the case of α = 18
• or K = 2.312, the original and modified analyses both predict that the stationary symmetric vortex pair exists (see Figures 19 and 22 ) and is stable (see Figures  20 and 23 ), which agrees with the Euler computations. For the case of α = 30
• or K = 4.108, the two analyses predict the existence of both stationary symmetric and asymmetric vortex pair (see Figures 19 and 22) and that the stationary symmetric vortex pair are unstable (see figures 20 and 23), which again agrees with the Euler computations. The stationary asymmetric vortex pair is predicted stable by the original analyses (see Fig.21 ), but unstable by the modified analyses (see Fig.24) ; while the Euler computations show that it is neither stable nor unstable but neutrally stable. It is known that the critical value of K for the asymmetric vortex stability transition is predicted as 2.62 and 4.15 by the original and modified theories respectively. The present case, K = 4.108 is very much close to the critical K = 4.15 predicted by the modified theory rather than the critical K = 2.62 by the original. Therefore, the the modified theory improves the stability prediction in this case. Fig.25 and Fig.26 give the positions of the stationary symmetric vortex pairs versus K over the wing-body combination of γ = 0.7. They are obtained by the modified theory and denoted by the circle symbols. The pressure contours in a cross-flow plane computed by the Euler code for the two particular cases are shown in these figures also. It is seen that the computed center of the pressure contours for K = 2.312 lies between the two circle symbols of K = 2.0 and K = 3.0; and the computed center for K = 4.108 is located near to the circle symbol of K = 4.0.
The positions of the stationary symmetric vortex pairs over the wing-body combination of γ = 0.7 and ǫ = 8
• at α = 18 methods are compared in Tables 5 and 6 . It is seen that the modified methods improve the theoretical predictions on the vortex positions.
V. Summary and Conclusions
An Euler solver is implemented to study the essential features of the vortex core on a slender flat-plate delta wing, and to guide to model the effects of the vortex core on the stability of the vortex flow about slender conical bodies at high angles of attack and low speeds.
The computational method is based on a multiblock parallel three-dimensional finite-volume method for the Euler equations on overset grids. The method uses central differencing with a blend of second-and fourth-order artificial dissipation and explicit RungeKutta-type time marching. The resulting code preserves symmetry and is run in double precision (64bit arithmetic) on very fine overset grids. Unsteady timeaccurate computations are achieved by using a 2nd-order accurate implicit scheme with dual-time stepping.
The well-known experimental observations that a low speed flow about a slender conical body is nearly conical justify the implement of a conical grid for the Euler computations. The conical grid has very few grid points in the longitudinal direction but very dense grid in the crossflow plane. The conical grid and the Euler solver still are three dimensional. This technique is designed to reduce the computational effort while accurately resolve the concentrated vortices and their mutual interactions.
The above computational approach is applied to a flat-plate delta wing of sweep angle 76
• . The total number of the grid points for a half flowfield is 825, 130, including only 5 grid points in the longitudinal direction. There are 100 × 100 grid points on the crossflow plane of each vortex core. Stationary symmetric vortex configurations are captured by running the Euler code in its steady-state mode until the residual in the continuity equation is reduced by more than 11 orders of magnitude starting from the uniform freestream condition. To investigate stability of the stationary vortex flow, a small transient asymmetric perturbations is introduced to the flow and the Euler code is running in the time-accurate mode to determine if the flow will return to its original undisturbed conditions or envolve into a different steady or unsteady solution.
The computed Euler solutions automatically satisfy the Kutta condition at the sharp leading edge of the slender delta wing, capture the free shear layer shed from the leading edge, and develop it into a compact and coherent rotaional core or vortex core in the leeside of the wing. The vortex core may have a diameter as large as 40% of the semi-span. Inside the vortex core the flow is practically axisymmetric, conical and strongly jetlike swirling. At the outer edge of the core, there exists a small amount of inflow. In comparison with available experimental data and theoretical solutions, most of the characteristic features of the vortex core are well modeled by the Euler methods.
In consideration of the jetlike inflow of the vortex core, the theoretical model used in Reference 16 is modified by (1) adding a line sink to each line vortex, and (2) augmenting the freestream velocity component along the body axis by a factor greater than one. Incorporating a theoretical formula given by Hall 27 and known experimental data, the sink strength is related to the associated vortex strength. The axial velocity augmenting factor is related to the vortex strength by numerical experiments with the Euler solver.
The modified theory is applied to a flat-plate delta wing with and without sideslip and a combination body of a circular cone and a flat-plate delta wing of span ratio 0.7. Using the Euler solutions as a benchmark, the modified theoretical methods improve the predictions on the vortex positions, and yield favorable shifts of the stability transition points on the Sychev similarity parameter. It is noted that the present modifications are semi-emperical and subject to further verifications.
